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Abstract. In this paper, we extend the earlier work by Quintanilla and Rajagopal (Math Methods Appl Sci 29: 2133–2147,
2006) and establish qualitative new results for a proper generalization of Burgers’ original work that stems form a general
thermodynamic framework. Such ﬂuids have been used to describe the behavior of several geological materials such as
asphalt and the earth’s mantle as well as polymeric ﬂuids. We study questions concerning stability, uniqueness and con-
tinuous dependence on initial data for the solutions of the ﬂows of these ﬂuids. We show that if certain conditions are not
satisﬁed by the material moduli, the solutions could be unstable. The spatial behavior of the solutions is also analyzed.
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1. Introduction
Burgers [2] developed a rate type viscoelastic ﬂuid model that is used to describe a variety of geological
materials as well as polymeric ﬂuids. It has been used extensively to model the earth’s mantle (see Rum-
per and Wolf [18], Tromp and Mitrovica [21], Harrison and Redfern [5], Kleman et al. [10] and several
other papers referred in those studies) and asphalt and asphalt mixes (Muralikrishnan and Rajagopal [11],
Muralikrishnan et al. [12]). Recently, several initial-boundary value and boundary value problems have
been studied within the context of such ﬂuids (see Tong and Shan [20], Fetecau et al. [4], Le Roux and
Patidar [9], Xue and Nie [24], Hayat et al. [6], Ravindran et al. [16]). The model due to Burgers includes
earlier models due to Oldroyd, Maxwell and Navier-Stokes as special cases. Though the model is widely
used and contains many of the important viscoelastic models as a sub-class, it has not been studied with
the detail that this deserves. Recently, Quintanilla and Rajagopal [15] studied some of the mathematical
properties of the three-dimensional generalization of the one-dimensional model due to Burgers wherein
the material moduli are assumed to be constant.
Recently, a thermodynamic framework has been developed by Rajagopal and his co-workers that has
had success in describing a large class of disparate behavior exhibited by a wide range of materials: vis-
coelasticity of ﬂuids and solids, plasticity, shape memory eﬀects or both metallic and polymeric solids,
solidiﬁcation and melting, crystallization of semi-crystalline polymeric solids and single crystal super alloy
to name some of the areas. This framework recognizes the fact that in many bodies, the natural conﬁgu-
ration associated with the body [in most cases, the natural conﬁguration is the stress-free conﬁguration
though in some other bodies it could be the conﬁguration associated with the driving force free conﬁg-
uration (see Rajagopal and Srinivasa [17])]. This natural conﬁguration evolves due to external stimuli,
and the evolution is determined by a thermodynamic criterion, namely that the response has to be such
that the rate of the entropy production be maximized. In order to describe a body, one needs to know
how it stores energy, how it dissipates energy (how it converts the rate at which work is done into heat),
how it conducts heat, how it receives and radiates energy, the various ways in which it produces entropy
(for example mixing, conduction, dissipation, radiation, phase change, growth), etc. The one-dimensional
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model due to Burgers can be thought of as a Maxwell ﬂuid and a Kelvin-Voigt solid in series (the springs
being energy storing devices and dashpots being energy dissipating devices) and leads to the following
relationship between the stress and the linearized strain:
σ + λ1σ˙ + λ2σ¨ = η1˙ + η2¨ (1.1)
where σ denotes the stress,  the strain, and the dot is the time derivative. Burgers did not developed
a properly frame indifferent three-dimensional model. When λ2 = 0, the above model reduces to the
one-dimensional Oldroyd-B ﬂuid model. Later, Oldroyd put into place a systematic methodology for
developing rate type ﬂuid models three-dimensional property invariant, but he did not consider a proper
generalization of the model due to Burgers. Oldroyd’s paper is one of the most important papers in the
development of constitutive relations in Non-Newtonian ﬂuid mechanics.
Rajagopal and Srinivasa [17] recently developed a thermodynamic framework to systematically gen-
erate constitutive relations for rate type viscoelastic ﬂuid models. Using this framework, Muralikrishnan
and Rajagopal [11] have generated a thermodynamically compatible three-dimensional generalization of
the one-dimensional model. The model possesses two relaxation times that are related to two underlying
natural conﬁguration associated with the material (see Muralikrishnan and Rajagopal [11] for thermo-
dynamical details). The Cauchy stress within this framework leads to material moduli that depend on
the stretch from the two natural conﬁgurations. If we assume that these stretches are small, we can show
that one obtains a constitutive model that is given by the following constitutive relation with all the
material moduli being constant, the model in question being given by Eq. (2.5) with η3 being zero. This
generalized model due to Burgers includes as a special case the Oldroyd-B model, the Maxwell model
and the Navier-Stokes model.
In an earlier paper (see Quintanilla and Rajagopal [15]), we studied the mathematical properties of the
equations governing the ﬂow of a ﬂuid given by Eq. (2.5) with η3 being zero. The model with η3 not being
zero is not a trivial extension as higher-order non-linearities due to additional convective derivatives will
manifest themselves in a fully non-linear problem. Even within the context of linearizations, this term
leads to higher time derivatives of the velocity ﬁeld. In general, three-dimensional problems one has to
contend with additional initial and boundary conditions need to be speciﬁed. Here, we investigate the
continuous dependence of solutions with respect to the initial data and supply terms governing ﬂow of a
generalization of Burgers’ ﬂuid, namely that given by (2.5), in a bounded domain. We use these results
to deduce the uniqueness of solutions. We also analyze the stability of the ﬂows of the generalized ﬂuid.
Last section is devoted to study the spatial behavior in the case of a semi-inﬁnite cylinder.
2. Kinematics and governing equations
Let κR(B) and κt(B) denote the reference and current conﬁgurations of a body B, respectively. By the
motion of a body, we mean a one-to-one mapping χ that assigns to each point X ∈ κR(B), a point
x ∈ κt(B), for each t, i.e.
x = χ(X, t). (2.1)
The deformation gradient F and the velocity v of the body are deﬁned through
F =
∂χ
∂X
, and v =
∂χ
∂t
. (2.2)
The velocity gradient L and its symmetric part D are deﬁned through
L =
∂v
∂x
and D =
1
2
((
∂v
∂x
)
+
(
∂v
∂x
)T )
. (2.3)
Here AT is used to denote the transpose of a matrix A.
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The Cauchy stress T in a generalized Burgers’ ﬂuid is given by
T = −pI+ S, (2.4)
S+ λ1S∇ + λ2S∇∇ = η1D+ η2D∇ + η3D∇∇, (2.5)
where D is the symmetric part of the velocity gradient, −pI is the indeterminate part of the stress due
to the constraint of incompressibility and
A∇ =
dA
dt
− LA − ALT . (2.6)
The tensor L has been deﬁned through (2.3) and d/dt denotes the usual material time derivative. As the
ﬂuid is incompressible it can only undergo isochoric motion and hence
tr D = div v = 0. (2.7)
On substituting the constitutive Eqs. (2.4) and (2.5) into the balance of linear momentum
div T+ ρb = ρ
dv
dt
, (2.8)
and on linearizing, we obtain the system
ρv˜t = −∇q + vˆ + ρf (2.9)
where
v˜ = v + λ1vt + λ2vtt, vˆ = η1v + η2vt + η3vtt. (2.10)
When η3 = 0, we have the linear form of Burgers’ ﬂuid, if η3 = λ2 = 0, we obtain the linear form
of Oldroyd-B ﬂuids, while if η3 = η2 = λ2 = 0, we recover the linear version of the Maxwell ﬂuid.
The Navier-Stokes ﬂuid corresponds to the special subclass of (2.9) and (2.10), and is obtained when
η3 = λ1 = η2 = λ2 = 0.
We note that the functions of the form v1 = v2 = 0, q independent of the spatial variables and
v3 = v(x1, x2, t) are a particular class of solutions for the system (2.7), (2.9), whenever v satisﬁes the
equation
ρv˜t = vˆ + ρf3. (2.11)
It is worth noting that this equation is of the same type of equation proposed in the dual-phase-lag
conduction theory [22,23] which has been studied in [13,14].
We will study a problem determined by the system (2.7), (2.9) in a three-dimensional bounded domain
B with smooth boundary ∂B. We consider the boundary-initial-value problem corresponding to the
boundary conditions
v = 0, on ∂B, (2.12)
and the initial conditions
v(x, 0) = u0, v˙(x, 0) = u01, v¨(x, 0) = u
0
2, x ∈ B (2.13)
However, Eq. (2.11) will be studied in a one- or two-dimensional domain Σ and we will assume boundary
conditions
v = 0, on ∂Σ, (2.14)
and initial conditions
v(x, 0) = u0, vt(x, 0) = u01, vtt(x, 0) = u
0
2, x ∈ Σ. (2.15)
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3. Continuous dependence
The aim of this section is to obtain a continuous dependence result on the initial data and supply terms
and the uniqueness for the solutions of the system (2.7), (2.9). Though other more relaxed conditions
could be imposed, in this section we assume that λi (i = 1, 2) and ηj (j = 1, 2, 3) are positive. Let us
introduce the function
E1(t) =
1
2
∫
B
(ρv˜iv˜i + (η2 + λ1η1)vi,jvi,j + (λ1η3 + η2λ2)v˙i,j v˙i,j) dV (3.1)
A direct calculation allows us to obtain
dE1
dt
= −
∫
B
(η1vi,jvi,j + λ1η2v˙i,j v˙i,j + λ2η3v¨i,j v¨i,j + (η3 + η1λ2)vi,j v¨i,j − fiv˜i) dV. (3.2)
We note that there exists a positive constant C1 such that∣∣∣∣∣∣
∫
B
(η3 + η1λ2)vi,j v¨i,jdV
∣∣∣∣∣∣ ≤ λ2η3
∫
B
v¨i,j v¨i,jdV + C1
∫
B
vi,jvi,jdV. (3.3)
We deduce (using the Poincare´ inequality) that
dE1
dt
≤ 2K1E1(t) + 2K2E1(t)1/2G(t), (3.4)
where K1,K2 are two positive constant which can be easily calculated and
G(t) =
⎛
⎝∫
B
ρf .fdv
⎞
⎠
1/2
. (3.5)
If we ﬁx s ∈ [0, t1] and integrate over [0, τ ], τ ∈ [0, s], we obtain
E1(τ) ≤ E1(0) + 2K1
τ∫
0
E1(t)dt + 2K2
τ∫
0
G(t)E1/21 (t)dt. (3.6)
Inequality (3.6) has been studied quite extensively (see for instance [3]). It follows that
E1(t) ≤
⎡
⎣E1(0) + K2
t∫
0
G(t)(s)ds
⎤
⎦ exp(K1t), (3.7)
which implies continuous dependence with respect to initial conditions and supply terms.
It is worth noting that if the initial conditions and the supply terms are homogeneous, estimate (3.7)
implies that the only solution is v = 0 and then q does not depend on the spatial variable. This implies
the uniqueness of solutions.
4. Exponential decay
In this section, we prove the exponential decay of solutions of the problem determined by the homoge-
neous version (fi = 0) of the system (2.9), (2.10) and the initial conditions (2.13). Thus, in this section,
apart from assuming that the parameters λi, ηi are positive, we also need to assume that the following
inequalities
λ1η3 > η2λ2, η3 > η1λ2, η2 > λ1η1. (4.1)
are satisﬁed.
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For the sake of convenience with respect to analysis, we set down the system (2.9) as
vˆ − ∇q = Aρvˆt + Bρvtt + Cρvt (4.2)
where
A =
λ2
η3
, B = λ1 − η2λ2
η3
, C = 1 − η1λ2
η3
. (4.3)
In view of conditions (4.1), we know that A,B and C are strictly positive. The following relation
(vˆi,j vˆi),j = vˆi,j vˆi,j + ρη3Bv¨iv¨i + ρ(η2C − η1B)v˙iv˙i
+
ρ
2
d
dt
[Avˆivˆi + (η2B + η3C)v˙iv˙i + η1Cvivi + 2η1Bv˙ivi] (4.4)
is satisﬁed for every solution of the Eq. (4.2).
We note that in view of the conditions (4.1), the matrix
M =
(
η1C η1B
η1B (η2B + η3C)
)
(4.5)
is positive definite. Then, we deﬁne the function
F (t) =
ρ
2
∫
B
(Avˆivˆi + η1Cvivi + (η2B + η3C)v˙iv˙i + 2η1Bviv˙i) dV. (4.6)
We have
dF
dt
= −
∫
B
(vˆi,j vˆi,j + ρη3Bv¨iv¨i + ρ(η2C − η1B)v˙iv˙i) dV. (4.7)
From the positive definiteness of the matrix M, we can obtain two positive constants M,m such that
m
∫
R
(vivi + v˙iv˙i + v¨iv¨i) dV ≤ F (t) ≤ M
∫
R
(vivi + v˙iv˙i + v¨iv¨i) dV. (4.8)
Poincare ’s inequality implies that
−
∫
R
vˆi,j vˆi,jdV ≤ −C∗
∫
R
vˆivˆidV, (4.9)
where C∗ is a positive constant which depends on the geometry of the domain B. Thus, we get the
existence of a positive constant N such that
dF
dt
≤ −N
∫
R
(vivi + v˙iv˙i + v¨iv¨i) dV. (4.10)
It then follows that there exists a positive constant K such that
dF
dt
+ KF ≤ 0, (4.11)
at every instant of time. This inequality leads to the estimate
F (t) ≤ F (0) exp(−Kt). (4.12)
Thus, if we deﬁne the function
E2(t) =
∫
R
(vivi + v˙iv˙i + v¨iv¨i) dV, (4.13)
we have proved the following:
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Theorem 4.1. Let vi be a solution of the problem determined by the system (2.7), (4.2) the boundary con-
ditions (2.12) and the initial conditions (2.13). Let us also assume that the parameters λi, ηi are positive
and that the conditions (4.1) hold. Then, there exist two positive constants C∗1 and ω such that the function
E2(t) (defined at (4.13)) satisfies the estimate
E2(t) ≤ C∗1E2(0) exp(−ωt), (4.14)
for every t ≥ 0.
5. Instability of solutions
It is worth noting that the analysis developed in the previous sections can be adapted without any
difﬁculty to the study of the Eq. (2.11). Results concerning uniqueness and exponential decay have a
counterpart in this context when Σ occupies a bounded domain. Thus, we do not repeat the analysis
with regard to this situation.
However, in this case, it is possible to use spectral analysis to study the stability of solutions. We
know that the solutions decay exponentially whenever the parameters λi, ηi are positive and (4.1) holds
(changing B by Σ), but a natural question is what happens if this condition is not satisﬁed. Thus, in this
section, we analyze the spectrum whenever λi and ηj are positive. We note that when
Υ(x, t) = exp(t)V (x), (5.1)
is a complex solution of the problem, then the real and the imaginary parts of Υ are real solutions of the
problem. To prove the instability of solutions, it is enough to obtain a solution of the form (5.1) where
the real part of  is strictly positive.
We denote by Vn(x) the sequence of eigenfunctions associated with the eigenvalue problem
ΔV + μV = 0, Σ; V = 0, on ∂Σ. (5.2)
The functions of the form
Υ(x, t) = exp(nt)Vn(x), (5.3)
are solutions of our problem whenever n is a solution of the algebraic equation
ρ
(
n + λ12n + λ2
3
n
)
+ η1μn + η2nμn + η32nμn = 0, (5.4)
where μn is the corresponding eigenvalue. We can write the corresponding equation as
ρλ2x
3 + (ρλ1 + η3μn)x2 + (ρ + η2μn)x + η1μn = 0. (5.5)
The mean value theorem guarantees the existence of a real and negative solution. But a direct inspection
suggests to us that the other two solutions must be complex, but not real. To control the sign of the real
part of the solutions, it will be useful to use the Routh-Hurtwitz theorem that states that the necessary
and sufﬁcient condition to guarantee that all the solutions of the equation
x3 + l1x2 + l2x + l3 = 0,
have negative real part is that
l1, l2, l3 and l1l2 − l3,
are positive. In our case, we have that
l1 =
ρλ1 + η3μn
ρλ2
, l2 =
ρ + η2μn
ρλ2
, l3 =
η1μn
ρλ2
.
As we assume that the constitutive constants are always positive, we conclude that the spectrum is on
the left-hand side of the imaginary axis if and only if
(ρλ1 + η3μn)(ρ + η2μn) > ρη1λ2μn, (5.6)
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for every eigenvalue μn. This is a condition which depends on the geometry of the domain. If we want
the spectrum to be always in the left-hand side of the imaginary axis for every domain, we should assume
that the solutions of the equation
η2η3x
2 + (ρη3 + ρλ1η2 − ρη1λ2)x + ρ2λ1 = 0 (5.7)
are real negative numbers or imaginary numbers. The necessary and sufﬁcient condition to satisfy is that
η3 + λ1η2 > λ2η1, (5.8)
or
η3 + λ1η2 ≤ λ2η1, and (λ2η1 − (η3 + λ1η2))2 < 4η2η3λ1. (5.9)
We note that
(λ2η1 − (η3 + λ1η2))2 − 4η2η3λ1 = 2(λ22η21 + η23 + λ21η22) − (λ2η1 + η3 + λ1η2)2. (5.10)
Thus, the necessary and sufﬁcient condition to guarantee that the spectrum is on the left-hand side of
the imaginary axis is relation (5.8) or (5.9). We point out that this condition is more relaxed than the
conditions imposed in (4.1). One might think that (5.8) or (5.9) would be a sufﬁcient condition to guar-
antee the exponential stability of the system (4.2). However, we have only been able to prove it in case
that conditions (4.1) hold.
From a mechanical point of view, one expects or desires that the solutions to the problem to be stable
when one is involved with a physically meaningful ﬂuid. Such an expectation prompts one to require that
when we consider the type of ﬂuid being studied, we should enforce the condition (5.8)/(5.9) or at least
(4.1).
It is worth noting (5.8) or (5.9) might not hold, but the spectrum is always on the left-hand side of the
imaginary axis. However, we can always obtain suitable domains in such a way that there are unstable
solutions. The key issue is the value of λ2η1. If we assume that λ2η1 is large enough with respect the
other parameters, we can see that the solutions of the equation (5.7) to be positive real numbers m1
and m2. If we take a domain in such a way that it has an eigenvalue μk of the problem (5.2) such that
m1 < μk < m2, we obtain a solution of the problem which is unstable.
To conclude this section, we point out that the condition of stability in the case of the Burgers ﬂuids
(see [15]) is
λ1η2 > λ2η1. (5.11)
Thus, the class of parameters for the generalized Burgers ﬂuids where we could expect stability is larger
than the class for Burgers ﬂuid.
6. A spatial estimate
The goal of this section is to study the spatial behavior of the solutions of the problem determined by Eq.
(2.11) in case that f3 = 0. We shall denote the two-dimensional semi-inﬁnite strip by Σ, with cross-section
D = [0, L]. The ﬁnite end of the strip is in the plane x1 = 0. We denote by Σ(z) the set of points of the
strip Σ such that x1 is greater than z and by D(z) the cross section of the points such that x1 = z.
We study the qualitative behavior of classical solutions subject to the initial conditions
v(x, 0) = 0, v˙(x, 0) = 0, v¨(x, 0) = 0, (6.1)
and the boundary conditions
v(x, t) = 0, x ∈ [0,∞) × {0, L} (6.2)
v(0, x2 , t) = g(x2 , t) on [0, L] × [0,∞), (6.3)
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where the prescribed boundary data g(x2 , t) on the end x1 = 0 is such that g(x2, 0) = 0 and g is assumed
to vanish on {0, L} × [0,∞).
Let us deﬁne the function
H(z, t) =
1
2
t∫
0
∫
D(z)
|vˆ|2dAds. (6.4)
We have
∂H
∂z
=
t∫
0
∫
D(z)
vˆvˆ,1dAds, (6.5)
and
∂2H
∂z2
=
t∫
0
∫
D(z)
(vˆ,ivˆ,i + ρη3B|v¨|2 + ρ(η2C − η1B)|v˙|2)dAds (6.6)
+
ρ
2
∫
D(z)
(A|vˆ|2 + (η2B + η3C)|v˙|2 + η1Cv2 + 2η1Bvv˙)dA.
We get
H
∂2H
∂z2
− 1
2
(
∂H
∂z
)2
≥ 2μ1H2 + dH ∂H
∂t
(6.7)
where μ1 is the ﬁrst eigenvalue of the cross section and d = ρA
If we deﬁne the (non-negative) functional
P (z, t) = [H(z, t)]1/2, (6.8)
we ﬁnd that P (z, t) satisﬁes the second-order differential inequality
Pzz ≥ k∗P + dP˙ , z > 0, t > 0, (6.9)
k∗ = μ1. (6.10)
Now, we show that the function P (z, t) satisfying (6.9) can be bounded above by the solutions to a related
initial-boundary value problem for the one-dimensional heat equation. The argument here follows that of
Horgan et al. [7,8]. By virtue of its definition, P (z, t) satisﬁes the initial condition
P (z, 0) = 0, z ≥ 0, (6.11)
and the boundary condition
P (0, t) =
⎛
⎝ t∫
0
∫
D
|gˆ(x2, t)|2dAds
⎞
⎠
1/2
≡ g(t) ≥ 0, t ≥ 0 (6.12)
where
g(0) = 0. (6.13)
As the aim of this section is to obtain an estimate for the spatial decay of the solutions, we start by
assuming the following asymptotic behavior for P (z, t):
P (z, t) → 0 (uniformly in t) as z → ∞. (6.14)
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Thus, the ﬁeld satisfying (2.11), (2.14) and null initial conditions, is assumed to vanish in a weighted
mean-square sense as the axial variable tends to inﬁnity. Let
u(z, t) := exp
(
k∗t
d
)
P (z, t). (6.15)
It then follows that u(z, t) ≥ 0 satisﬁes
Lu ≡ uzz − du˙ ≥ 0, z > 0, t > 0, (6.16)
u(z, 0) = 0, z ≥ 0, (6.17)
u(0, t) = exp
(
k∗t
d
)
g(t) ≥ 0, t ≥ 0, (6.18)
u(z, t) → 0 (uniformly in t) as z → ∞. (6.19)
An upper bound for u(z, t) in terms of the solution of an initial-boundary value problem for the one-
dimensional heat equation now follows immediately from the maximum principle. Let w(z, t) be such
that
Lw = 0, z > 0, t > 0, (6.20)
w(z, 0) = u(z, 0) = 0, z ≥ 0, (6.21)
w(0, t) = u(0, t) = exp
(
k∗t
d
)
g(t), t ≥ 0, (6.22)
w(z, t) → 0 (uniformly in t) as z → ∞. (6.23)
The maximum principle for the heat equation now yields
u ≤ w, z ≥ 0, t ≥ 0, (6.24)
and so, from (6.5), we ﬁnd that
P (z, t) ≤ exp
(
−k
∗t
d
)
w(z, t). (6.25)
The representation for w(z, t) that is useful for our purposes (see [19]) is
w(z, t) = exp
(
k∗t
d
)
g(t)G(z, t). (6.26)
where the non-negative function G(z, t) is given by
2G(z, t) = exp(−
√
kz)erfc
{
d1/2z
2t1/2
−
(
k∗t
d
)1/2}
+ exp
(√
k∗z
)
erfc
{
d1/2z
2t1/2
+
(
k∗t
d
)1/2}
. (6.27)
Here, the complementary error function erfc(x) is deﬁned by
erfc(x) = 2(π)−1/2
∞∫
x
e−s
2
ds. (6.28)
Thus, on using (6.25), we get the upper bound
P (z, t) ≤ g(t)G(z, t). (6.29)
On recalling the definition of P (z, t) in (6.8), the result (6.29) can be written directly in terms of the
solution v(x, t) to the original problem as
(H(z, t))1/2 ≤ (H(0, t))1/2G(z, t), z ≥ 0, t ≥ 0, (6.30)
where G(z, t) is given in (6.27).
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The result (6.30) provides a weighted mean-square estimate for the solution vˆ subject to the assump-
tion (4.1).
The arguments in Horgan et al. [7,8] can be used to show that the estimate (6.30) implies that the
spatial decay of end eﬀects in the transient problem is faster than that for the steady state. To see this,
we use the fact that
lim
x→−∞ erfc(x) = 2, limx→∞ erfc(x) = 0, (6.31)
and so, since G(z, t) is monotonically increasing in t, we obtain
G(z, t) ≤ lim
τ→∞ G(z, τ) = exp(−
√
k∗z). (6.32)
Thus, we have established that the rate of spatial decay is at least as fast as
exp
(
−
√
k∗z
)
. (6.33)
This decay rate is (optimal) decay rate for the steady state for v(x).
If we employ the inequality
√
πerfc(x) <
1
x
exp(−x2), x > 0, (6.34)
(see [1] p. 298) in (6.27), then, for z > 2
√
k∗t/d, (6.24) and (6.27) yield the estimate
(H(z, t))1/2 ≤ (H(0, t))1/2 ×
[
2d3/2z(t/π)1/2 exp(−k∗t/d)
d2z2 − 4k∗t2 exp
(
−dz
2
4t
)]
.
This result shows that, for ﬁxed t, the spatial decay is ultimately controlled by the factor
exp
(
−dz
2
4t
)
, (6.35)
rather than the factor exp(−√k∗z) found in the steady- state case.
A natural question is to relate the estimate for vˆ with v. To this end, we note that if the initial
conditions vanish, then
t∫
0
|vˆ|2ds =
t∫
0
(η21v
2 + (η22 − 2η1η3)(v˙)2 + η23(v¨)2)ds + η1η2v2 + η2η3(v˙)2 + 2η1η3vv˙. (6.36)
Thus, whenever η22 ≥ 2η1η3, we have a measure in the functions v, v˙ and v¨.
The well-known estimate
t∫
0
(v˙)2ds ≤ 4t
2
π2
t∫
0
(v¨)2ds,
which is satisﬁed whenever vt(0) = 0 implies that
t∫
0
|vˆ|2ds ≥
t∫
0
(
η21v
2 +
(
η23 −
4t2
π2
(2η1η3 − η22)
)
(v¨)2
)
ds + η1η2v2 + η2η3(v˙)2 + 2η1η3vv˙, (6.37)
in case that η22 < 2η1η3. Thus, when η1η3 ≤ η22 < 2η1η3, the estimate (6.30) for the function H(z, t) gives
information for the spatial behavior of v whenever
t <
π
2
η3√
2η1η3 − η22
.
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7. Conclusions
In this paper, we have studied several qualitative aspects concerning the solutions to the ﬂow of a line-
arized version of a generalized Burgers ﬂuid. The constitutive characteristics of these ﬂuids are described
by the material parameters λ1, λ2, η1, η2 and η3. We have proved:
1. The continuous dependence and uniqueness of solutions whenever the parameters λi and ηj are
strictly positive.
2. The exponential decay of solutions whenever condition (4.1) holds.
3. We have also studied uniaxial shearing ﬂows. We have proved the instability of solutions to this
problem whenever (5.8) and (5.9) do not hold.
4. We have also studied the spatial behavior of solutions for the uniaxial shearing ﬂows to the case
when λi and ηj are strictly positive, condition (4.1) and η22 ≥ 2η1η3 hold.
We want to point out that the spectral analysis suggest that the stability of the solution holds if (5.8)
or (5.9) holds; however, our energy approach only implies the stability if (4.1) holds. Thus, this gap seems
a natural question to analyze in the future.
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